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1 VYBog

Wrpa uuM [1] je nrpa ca HEKOJINKO TOMHJIA YKETOHA 3a [[BA WIpadva. Bpoj YKETOHA W TOMHJIA je Mpo-
u3BOJbaH, TauHuje onpelyjy ux camu wrpadm. Mrpad Koju je Ha mMOTE3y MOXKe y3eTH MPOu3BOJbaH OPOj
JKETOHA Ca jeJHe rOMMJIe, [IPU YeMy Mopa y3eTu Dap jeJjaH yKeTOH M He CMe Y3HMAaTH JKETOHE Ca BHUIIe
romuia. Urpadn sHam3aMeHndHo urpajy morese. Ilocroje 1Be BapujaHTe Urpe: HOPMAJIHU U MU3EPHU HUM.
Y nopmasaoMm HuMY 1100eDyje urpad Koju y3me mocsebu XKeTOH, 0K Yy MA3EPHOM I'yOu Urpad KOoju y3me
TTOCJIETFHY SKETOH.

IIpumep 1. Ha nowemky napmugje va cmoay cy mpu 20MuLe, €4 MPU, YEMUPYU U NEM HCEMOHA PECNeK-
mueno. Iapmujy uepajy dea uzpaua A u B, A uzpa npeu.

Moryhu TOK urpe HOpMAJHOT HUMA je TTPUKA3aH HA CauIm 1.

& D -“

A y3uma 2 3eneHa xeToHa b y3uma 3 nnaea xeToHa

=P & — X ,

A y3uma 1 upBeHM KeToH b ysuma 1 upeeny xeton

ccod ewmé o0&

A y3uma 1 3eneHu eToH

Ey3uma 1 upeeHun Avysuma 1 nnasu
KeTOH WMETOH
b ysuma 1 A y3uma nocnearu,
LpPBEHU JKETOH NAABH, }ETOH W
nobehyje

Cmuxka 1: Tok urpe HUM

VKOIMKO ce Ha CTOJIy HaJla3e JIBe TOMUJIe, y 3aBUCHOCTH O Opoja 2kerona moryhu cy cienehu ucxonu
HOPMAJIHOT HUMA.:

e Ha cromy cy mse rommie ca mo jemaum sketonom. I[IpBu mrpad mopa ga y3me 6ap jeIan yKeToH,
YuMe OCTaB/ba JAPYTrOM WIPAdy Ja y3Me MOCIENbU KETOH U mobeau. Y OBOj CHTYAIUjU OYUTIIETHO
jé Ia mpBU Urpad rapaHTOBaHO rybwu.

e Ha cromy cy ape rommie, Ha IPBOj jemaH KETOH, HA APYroj aBa keroHa. IIpBuM mrpad mma
noGeJHUYKY cTpaTerujy: YKOJIUKO y3Me jeJaH YKETOH ca TOMUJIE T Cy JBa YKeTOHa (Ha CIUIM
1 y3uma 1 myiaBu KeTOH), ocTaBjba ciaeqelieM Urpady JBe FOMUJIE Ca MO jEJHUM YKETOHOM, IITO je
3a mhera u3ryosbeHa Mo3uInja.

e Ha crony cy aBe rommie ca mo aBa xkerona. IIpsa moryhHocT jecte 1a mpBu mrpad y3me CBe ca
jeare TommIe, YMMe APYTH WUTpad WCTHM THM MOTe30M, y3umajyhm cBe »keTome ca Apyre romMuie
mobehyje. Jpyra moryhHocT je ma mpBu urpad y3Me jeaH *KETOH, TAKO 1a je cienehe crame urpe
3ampaBo CTame U3 MPETXOJHOr MPUMEPA, Y KOMe UI'PAY KOjU je Ha MOTe3y MOXKe 1a modeau. Y OBOj
CHTYyaIliju IPBU UTPAY TyOM yKOJIUKO APYTU UI'PAd 3HA KAKO 1A UTPA HUM.



Capma 6u Tpebasio Ja je jacHO 1a y OBOj UI'PH HEMA HEM3BECHOCTH, OJHOCHO /1 je CBAKa IIO3MIIM]a
JnobuTHA MM M3ry0J/beHa 3a Urpada KojH je Ha MmoTe3y.

ITocroje muOre BapHjanTe HUMA [4, 5], KOje ce 0J OpUIMHAJIHE BEP3Wje YIVIABHOM PA3JIMKYjy MO TOME
IIITO CaJapzKe Dap jeaHO MOJATHO MPABUIO 33 Urpy. Heke ox BapujanTu cy:

e Nnnekc k urpa (eur. Indez-k nim) y Kojoj je JO3BOJbEHO J1a UIPad y jeJJHOM [OTE3Yy y3Me KETOHE
ca BUIIIE TOMUJIA.

e I'pangujeBa urpa (eur. Grundy’s game) ce urpa ca jejHOM TOMHUJIOM KETOHA, LIe je jeiuHu
JI03BOJbEH TIOTE3 JIe/heibe TeKyhe rommiie Ha ABe OMUJIE Ca PA3InIuTUM Opojem zkeroHa. Hrpa ce
3aBpITaBa Ka/la OCTAHy TOMMUJIE Ca /IBA MJIN Marhe YKeTOHA.

e IToxsennu uum (enr. Greedy nim) y K0joj je T03BOHEHO Y3UMAIHE JKETOHA CAMO €a HajOpOjHUje TO-
MmJIe, 8 YKOJIUKO je BUIE TAKBUX TOMUJIA OHJA je JO03BOJFEHO Y3UMAFhe Ca MTPOU3BOJbHE HAjOPOjHIje
TOMUJIE.

e I'pajuresscku Hum (enr. Building nim) ce urpa y ase dase. Y npsoj dba3u urpadu Hau3MEHUIHO
pacropeljyjy keToHe, Ha MHUIMJAJIHO [Ipa3He OMHJIE, CBE JOK Ce He PacIopele CBU KEeTOHU. Y
npyroj dasum ce urpa HOPMAJIHH HUM.

e BurxoBoda urpa (eur. Wythoff’s game) ce urpa ca jBe romMmusie KeToHa; UPAYX HAU3MEHUUHO
y3UMajy 2KE€TOHE Ca jemHe minm ode romuse. llpummkoMm y3umama KeToHa ca 06e rOMuJe, PermMo
k(> 0) ca jemwe m I(> 0) ca mpyre, Mopa na Oyzae ucrhymen ycios |k — | < a, rae je a 3amatn
MO3WTUBAH OPOj KOju ce oapehyje mpe movueTka mapTuje U He Mema Ce y TOKy came maprtuje. Vrpa
ce 3aBpIlaBa Ka/1a Opoj »KeTOHA Ha CTOJMy Oyae Hy/a, a OHAj UIPad KOjU je YKJIOHUO MOCJEIHmhH
JKETOH Wiu kKeToHe je mobemuuk. CBaku mrpad Kaja je Ha 1OTe3y MOopa Ja YKJIOHU Gap jenad
skeroH. 3abesiexkeHo je ja ce opa urpa urpaia y Kunm nog umenom "4 F jidn shizi", oamocno
eHr. picking stones [10]. Xonanacku maremarndap B. A. Burxod (W. A. Wythoff) je 1907. romnne
06jaBrO MaTeMaTnyKy aHajau3y ose urpe [9].

VY HacTaBKy pajia, y TMOIJIaBby 2 JAaT je MPUKa3 CTPATeruje 33 HOPMAJIHNA U MU3EPHU HUM Y CIYUajy
BUINIE TOMWJIA. Y TOTJIABJ/bY 3 /aTa je OCHOBHA KJIacHpUKaIMja MO3UIKja, HA JOOUTHE U M3TryOJbeHe, KA0
¥ mpuMepHn um3ryb/beHuX mo3uiinja 3a BurxodoBy urpy koja je rimasma Tema oBor pasza. Hakon dera je y
norsiaBsby 4 gar npukas Tpu crpareruje 3a nobdeny y Burxodosoj urpu. Ha kpajy, y normasimy 5 gar je
[IPUKA3 AJrOPUTAMA HAIIMCAHUUX Y HPOrpaMcKoM je3uky C + +, Kao U Pe3yJITaTd BbUXOBOI' M3BPIIABAbA.

2 BapwujanTa HUMa ca BUIIle TOMIJIA >KETOHA

Amepuuku maremaruyap Yapac Byroun (Charles Bouton) je u3Bpimiuo KOMILIETHY MATEMATUYKY AHA-
au3y uum urpe 1902. rogube, OAHOCHO OApeauo je cBe poburHe u u3rybspene nosuuuje [1]. Ucnocrasiba
ce J1a OlleHa TIO3UIKje 3aBUCH Off ekckiy3usHe aucjyaknuje (XOR) Gunapro 3anucanux GpojeBa KeToHa
HA FOMUJIAMA Te JIa je NOTPeOHO M3padyHaTH HBUXOBY eKCKiy3usHy aucjyakiujy (XOR) 6ur no 6ur, Tj.
omHapHY cymy 0e3 mpeHoca.

IIpumep 2. Hexa cy na cmoay dame dee 20Muie ca Nem U WECM HCemora, mada je turosa GuHapHa
cyma be3 npenoca:

5 =101
6 =110
3=011

Teopema 1. YV HOpMasHOM HUMY, TO3ULUIA je U32YOLEHA AKO U CAMO GKO je DUHAPHA cyma 6e3 Nperoca
bpojesa sHcemona jednaka HYAuU.

Jloxas. Heka wrpaua A urpa npsu, urpad b apyru. Ha croiy je m romMumia ca peaoM &y, Ts,...,Tp
JKETOHA, U HEKA je S eKCKJIY3WBHA JIUC)yHKIHja:

S=x1DxaDx3...DTH.



Hakon wro urpay A onurpa cBoj 1OTe3, HEKA je ¢ eKCKJIy3UBHA JUCjyHKIUja XKEeTOHA:

t=y1®y2Dy3...Dyn.

Vkoauko je s = 0, Kako ce YJKeTOHW MOTY y3eTH CaMO Ca jeHe TOMUJIe, OHJIA je 33 HeKO k: Ty 7 Yi ¥ 34
i # k: x; = y;, Tako 1a je:

t = 0dt
= s®sht
= sP @1 Pr2®x3...0%,)D WY1 PY2DPY3-- - DYn)
= s®@1PY)D(X2DY2) B ... B (Tp+ yn)
= s (z D yg).

Hakne, ykomuko je s = 0, oHga 3001 T # yi Baxku T @ yp, aukaa vehe 6uru myna. OBuM je JT0Ka3aHO
Jla, YKOJIMKO je TpeHyTHa OnHapHa cyMa 0e3 nmpeHoca Hysa, [ITa roji IPOTHBHUK OIMIPAO CyMa 1mocraje
pasauanTa ox 0.

Ykonuko je s # 0, Heka je d mo3miuja Obura Hajsehe TeKWHE Yy s U HEKA je T FOMWIA Y KOjOj je out
najsehie Texxune rakohe Ha nozunuju d. OBakaB OGUT yBEK MOCTOjH, jep OuT Hajpelie TexkuHe U3 § mMONA3M
o Oura Hajsehe TexkuHe HEKMX On OpojeBa X1, s, ..., T, 2KETOHA. AKO ce ca rOMHJIE T CKHHE Ty — Yk
JKeTOHa, I1e je yr = S @ Ty, OnHapHa cyma 0e3 mpeHoca mocTaje:

t = sOTrDOuyk
= SOxrDsDuxg
= SOsDxpDxg
= 0.

OBuM je 10Ka3aHO /14 YKOJIMKO TPeHyTHA OMHApHa cyMa 0e3 IpeHoca Huje HyJla, YBEK je Moryhe HalpaBuTu
oTe3 Tako Ja OmHApHA cyMma 0e3 MpeHoca MOCTaHe HyJa. O

ITpumep 3. Hexa cy na cmoay dame mpu 2omuse ca cedam, nem, deanaecm scemona. Hepauw A uzpa
npeu, uepayw B uzpa dpyau.

7 111

5 101
+12 1100
24 1110

Y 6unaprom sanucy 1110 6um najeehe meotcune je na nosuyuju mpu, maxo da uzpayw A yauma ca mpehe
2omune 1100 — (1100 @ 1110) = 12 — 2 = 10 orcemona.

111

101

+2 10

14 000

B mooice da yame wa npumep d6a sHcemowna ca dpyze 2omune.

111

11

+2 10

12 110



Tada A mpeba da ysme 111 — (110 @ 111) =7 — 1 = 6 srcemona ca npee 2omuane.

1
3 11
+2 10
6 00
B moorce da yame jedan orcemon ca mpehe zomuane.

1
3 11
+1 1
5 11

A mpeba da ysme 11 — (11 B 11) = 3 — 0 = 3 oicernona ca dpyze 2omune.
1 1
+1 1
2 0

Ha cmoay je napan 6poj 2omuna ca no jeduum osicemonom, na B mopa da ysme jedan ostcemon ca ma
NPUMEDP NPEE 20MUAE.

A mpeba da ysme nocaedru scemon u nobehyje.

YKroauko je Ha cmoay napar 6poj 20muaa ca no jednum scemonom, mada je bumapha cyma 6e3 npe-
Hoca wyaa. Hepaw xoju je ma nomesy moorce ysemu jedar scemon ca Ouao Koje 20Muie, Mmaxo 06 Ha
CMOAY 0cmaje Henapar 6poj 20MUAG CG MO JEOHUM HCEMOHOM “uMe OUHAPHAG cyma be3 nperoca nocmaje
PABAUNUMA 00 HYAG, UMO HA 0CHOBY Meopeme 1 NPOMUSHUKY 0cu2ypasa nobedy.

3a MU3epHU HUM Ce MOYKE MPATHUTH UCTA CTPATErHja Kao y TeopemMu 1 CBe JOK He OCTAHY CAMO FOMUJIE
ca 1o jegaum xkeTtoHOM. Taza je mobema rapaHTOBAHA AKO UI'PAY KOjU je Ha MOTe3y OCTaBU HemapaH Opoj
roMuJjia ca I1o je,z‘lHI/IM 2KETOHOM.

Ilpumep 4. Kao u y npemrodHOM NPuMepPy, Hexa CY Ha Cmoay 0ame Mmpu 20Mmuse ca cedam, mern,
dsanaecm osrcemona. Hepau A uzpa npeu, uzpayw B uzpa dpyau.

7 111

5 101
+12 1100
24 1110

Y 6unaprom 3anucy 1110 6um najeehe meosrcune je na nozuyuju mpu, maxo da uzpayw A yauma ca mpehe
2omuse 1100 — (1100 & 1110) = 12 — 2 = 10 orcemona.

111
101
+2 10
14 000



B moorce da yame wa npumep 06a scemona ca dpyze 2omuae.

111
3 11
_|_2 10
12 110

Tada A mpeba da ysme wecm HCEMOHA Ca NPEE 20MUAE.
1
3 11
+2 10
6 00

B moorce da yame jedan orcemon ca mpehe zomuane.

1
3 11
+1 1
5 11

Y nosuyuju y x0joj camo Ha jednoj 2omuat uma suwe o0 jednoz dHcemona je npeokpem cmpamezuje 3a
Mmusepru num. Taxo da A mpeba da ysme dea sicemona ca dpyze zomuae, Kako bu ocmasuo wenapar 6pPoj
20MUAG CA TVO JEJHUM HCEMOHOM U N06eduo.

1 1
1 1
+1 1
3 1

B wmoorce da yame jedan sorcemon ca Ha npumep npee 20MuUle.

1 1
1 1
2 0

B mpeba da ysme nocaedrvu scemon u 2you.

3 Omnrtumanana crpaternja 3a BurxodoBy urpy

Buso koja mosunmja ce Moyke MPEACTABUTH MapoM Gpojesa (z,y), rae je < y. Omme x m y mnpen-
cTaB/bajy OpojeBe KEeTOHA Ha JBe roMuse. ¥ ciydajy kaacuune Burxodose urpe (a = 1 mro 3uaum ga
aKo Mrpad y3uMa YKeToHe ca 00e roMusie, 6poj y3eTux KeToOHa MOpa OUTH jeJ[HAaK) UTPa Ce eKBUBAJIEHTHO
MOKE OIIMCATH U KA0 UI'PA Ca KPAJbUIIOM Ha MIAXOBCKOj Tabuiu [0]: Herze Ha maxoBCKoj Tabiu je Kpasbula,



Arpad KOju je Ha IOTe3y MOXKEe Ja IOMEPH KPaJbHUIly IIPOM3BO/bAH OpPOj KOpakKa y IPAaBILy jyra, 3aIaja,
um jyrozanana. 11o6eqHuK je urpad KOju MpPBU MOMEPU KPAJbUILY Y JOHHU JIEBH yrao Tabje (mpu demy
cy xoopaunare jgomer jesor yria (0, 0)). Cse moryhie nmosunuje mory ce pa3BpcraTu y IBe KaTeropuje,
J00OUTHE 1 U3ryb/heHe.

Hedunnuruja 1. Y useybrenoj nosuyuju, uzpay xoju je na nomesy 2ybu, dox napednu uzpayd mogce da
nobedu wma 200 oduzpao npomusruk. Y dobummoj no3uyuju, uzpay Koju je na nomesy mosice da nobedu
be3 003upa Kaxo u2pa NPOMUGHUK.

Jlema 1. Kaacugurayuje nosuvyuja na dobumne u usdeybmwene ce depuruwe pekyp3ueho Ha caedehu
HAYUH:

1. (0,0) je no depunuyuju uszybwena nozuyuja, jep uzpay Koju je Ha nomesy He mosice da oduzpa
HujedaH 6aAUIaGH MOME3, NG je He208 NPOMUSHUK NOOEIHUK.

2. Buao xoja nosuyuja u3 Koje je y jednom momesy docmudiCHG u32ybmena nosuyuja je dobumma
No3UYUUJA.

3. Axo ceaxu nomes 600u ka Hexoj dobumnoj nosuyuju, onda je mo uz2ybmsena no3ulja.

Joxas. Tephewe nenocpenno cuaenu u3 pedbununuje urpe. Iloszunuja (0,0) je usrybspena nosunmja 3a
Urpada Koju je Ha 10Te3y, jep HEMAa BUILE KETOHA HA CTOJIy W He IOCTOjU HUjE/IAH BAaJIUJAH I1I0TE3 KOju
NPOTHUBHUK MoKe HampapuTn. Heka je (z,y), £ < y TpeHyTHa TIO3WIMja, W3 KOje je JOCTHKHA TIO3NIN]ja
(z,z). U3 nosunuje (z,x) urpad Koju je Ha MOTE3y MOXKE Ja MO0EIH, jep je JOCTUKHA Y JeHOM MOTE3y
nosurja (0,0), crora je nosurumja (x,x) noburHa, makie nosunuja (x,y) je usrybibeHa. O

Jla 6u ce Burxodosa urpa nrpasa #a #Hajo0/bu MOTyhn HAYWH, TOTPEOHO je 3HATH IBE CTBAPU:
e Ilpeno3unaru mpupoOLy TPEHYTHE TMO3UIIK]je, A JIU je H00uTHA Wan u3ryb/beHa.

e YKOJHMKO je TpeHyTHa MO3WIHja A00uTHA, Tpeda OapeauTn ciaeaehn more3 Tako /13 Ce MPOTHBHUK
nabhe y u3ryb/beHo]j MO3UITH]H.

Knacudukamnuja no3unuja na 1o0uTHE 1 B3ryO/heHE je BazKHA, jep aKO je TPeHyTHA MO3UIHja T00UTHA,
TTOCTOjH TIOTE3 KOjU BOJHM Ka M3ryOs/heHoj TIO3UIHjH, a Taj moTe3 ce moxke ompenntn. Ca apyre crpane, ako
je TpeHyTHa TO3UuInja U3ryO/hbeHa, He MOXKE Ce YPAIUTH HUIITA, CAMO OJUTPATH MPOW3BO/bAH BAJIUIAH
10Te3 U HaJIaTH ce Ja he IPOTUBHMK OJUIPATH IOTPEIIaH NOoTe3, ¢ 003UPOM Ha, TO Ja Ce Y jeJHOM HOTe3y
u3 u3rybJbeHe MO3UIFje CTUXKe y JOOUTHY MO3UIHUjy, U3 KOje MPOTUBHUK MOXKe Ja Mobeu ako 3Ha Ja
ofipeiy U3ryO/beHY HOBUIIH]Y.

Ilpumep 5. 36 a=1:

o npsa uszybmena nosuyuja je (1,2), jep axo uzpas yauma Hcemome camo ca jedne 2omune y jednom
nomesy JocmusicHe Y camo no3uyuje:

(1,1),u (0,2),

dox axo uzpay yauma sicemone ca obe 2omuse, peyumo k(> 0) ca jeone u l(> 0) ca dpyze, mopa da
byde ucnyren yeaos |k — 1| < 1, mako da uepan mooice ysemu k = 1 uwl = 1 oicemona, na ce y
jednom nomesy mooice 0ohu Y NO3UYUUJY:
(0,1)

Caedehu uepau, uz nosuyuja (0,1) u (0,2), ysumarem ceux scemona ca 2omuae 2de je 6poj osice-
mona eefiu 00 0 mooice dohiu camo y nosuyujy (0,0), a us nosuyuje (1,1) ysumareem no jednoe
srcemona ca obe zomune docmusichna je camo nozuyuja (0,0).

Haxae, nowmo je uz nosuyuja (0,1), (0,2) u (1,1) y jednom nomesy docmusicha uszybwena no-
suyuga (0,0) one cy dobummne nozuyuje.

o caedeha useybmena nosuyuja je (3,5), jep aro uzpau Yysuma Hcemone camo ca jeone 2omune docmu-
JHCHE CY NO3ULUJE:
(3,4), (3,3), (2,5), (1,5) u (0,5),

Jdok aKo ysuma scemone ca obe eomune, Yy jedHoM nomesy docmudCHe CY No3uyuje:
(2,4), (1,3) u(0,2)

Hs nosuyuga (3,4), (3,3), (2,5), (1,5), (0,5), (2,4) (1,3) u (0,2) y jednom nomesy docmuoicte
cy nosuyuge (0,0) wau (1,2) na cy one dobummne.



Moowce ce npumemumu, da je 3a i-my useybmeny nosuyujy, yrxosuko je i = 1...n, pasauka bpojesa y
napy jednaxa i, u da je yHujo HU3G MPBUT U HU3G OPY2UL KOMNOHEHMU NAPO6G JeOHAKA CKYNY MPEUT
n npupodnur 6pojesa. Taxohe ce moorce mpumemumu da cy KomMnowewme nape O6pojesa u32ybseHus
noszuyuja (cem (0,0)) ducjynxmmue, o6o mepherve je noxasano xacruje y cexyuju 4, meopema 2.
Hszybmene nosuyuje npurazane cy y mabeau 1 u na cavyu 2 (ypsena nonwa).

Tabesa 1: IIpuka3 nupsux 11 usrybssenux (A, B) nosunuja 3a a = 1
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Cnuka 2: Buzyennn mpukas m3ryb/peHuX mo3unmja 3a ¢ = 1

IIpumep 6. 3a a = 2, uzeybwene nosuyuje npurasane cy y mabesu 2 u na cauyy 8 (upeena nova).



Tabena 2: Ilpukasz upsux 9 usrybisenux (A, B) nosunuja 3a a = 2

n | A| B

0 0 0

1 1 3

2 2 6

3 4 10

4 5 13

5 7 |17

6 8 | 20

7 9 | 23

8 11 | 27

9 12 | 30
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Cnuka 3: Busyemnu npuka3 u3ryb/peHUX TO3UIKjA 38 a4 = 2

ITpumep 7. YV sapujanmu a = 1 uzpa ce mooice €KGUBAAEHIMHO OTUCAMU KAO ULPG CG KPADUYOM HA
Waro6cKoj mabau. {0360beHO je KPADULY NOMEPATU 36 NPOU3BOHAH OPOJ NObA Ka jy2y, jy203anady u
3anady y odnocy na mexyhy nosuyujy. Ha cmoay je mabeaa 10 x 10, na nosuyuju (0,0) je yuw. Hepy
uepajy dea uepaua A u B, nomepajyhu nausmenuuno kpasuyy od nowemue nosuyuje (x,y). Ilobednur
je uepan Koju npeu dosede Kpawuyy do yuma. Ha mabau cy cee nosuyuje (x,y), a e camo = < y.
Hzpaw A uepa npsu, B dpyeu. Ha cauyu 4 je dam npurad udeybmwenuT nosuyuje (3eAena nona) u Kaxo
ce 0o rux mooce dohu (naase u upeene cmpesuye). Cauka 4 je anaaioena npemroonum Oujazpamuma
(mabeaa 1 u 2). Yroauxo je xpasuya na nosuyuju (0,y), (z,0) usu (z,x), npu wemy je x > 0,y > 0,



uzpayw A, yxoaurxo uzpa xaxo mpeba, y jedHom nomesy moosce do8ecmU Kpasulyy 00 Uunsa u nobedumu.
Hosuyuga (1,2) je useybmena nosuyuja, jep axo uzpay A xpasuyy dosede y osy nosuyujy, uepay B usz
nosuyuje (1,2) xpawuyy moorce da nomepu camo y jedny 0d nosuyuja: (1,1), (1,0), (0,2) uwau (0,1).
Caedeha osaxsa nosuyuja je (3,5). Yonwme, yrxoauxo je xpasuya Ha no3uyuju, ud Koje ce naaeom Uil
UPBEHOM CIPEAUYOM MOJHCE NPERY Y 3eseHo nosve, uzpayw A moorce Kpasuyy jednum nomeszom dosecmu do
uda2ybwene noduyuje, ca koje cy docmustcne camo dobumme no3uyuje u ¢4 Kojux uepay A mooce Jupexmmo
dosecmu, Kpasuyy 00 YUHG UAY jEe TOMEPUMU HG HEKY 00 NPEOCMAAUT U32YOHEHUT NO3UYUJE bAUNCUT
YunyY. YKoAUKO u3 mpenymue nosuyuje nujedan sasudan nomes He 600u do 3eaenoe Nosba, oHIG je
ma nosuyuja useybwena. Ha cauyu 4 mo cy ynpaso seaena nowa u nowe (0,0), 060 sasicu jep us, Ha
npumep, noduyuje (3,5) y jednom nomesy Huje docmusicho Hujedno Opyz0 3eaeno nose.

Cruka 4: Tlpuka3 uw3rydspennx no3unuja #Ha Tadmm 10 X 10 3a a = 1

Craka mno3uruja je moOWTHA WM U3ry0O/bEHA; JIAKO CE€ BUAW KAKO Ce, KOpaK IO KOPakK, 3a CBaKY
MMO3WIKjy MOYKE YCTAHOBUTH THII. ¥ HACTABKY CJeIu MPWKa3 TPU CTpaTeruje 3a ompehuBame THUIIOBA
CBUX IO3UIINja: PEKYyp3WBHA, aIre0apCcKa U apUTMETHIKA CTPATErH)a.

4 Tpu exkBuBajieHTHe opMmyanuje crpareruje 3a BurxodoBy
Urpy

Uspaescku maremarudap Apspu Curmyy @penken (Aviezri Siegmund Fraenkel) je 1982. rogune y
CBOM paJy [2] mao mpuka3s Tpu MareMaTH4Ke cTpareruje 3a mobeay y Burxodosoj urpu. Y oBOM MOTIaBIBY
CJIe/Ti OIUC MIPBO PEKYP3WBHE, OTOM ajredapcke U Ha KPajy apUTMETHIKE CTpaTeruje.

4.1 Pekyp3uBHa cTpaTeruja

Pexyp3uBuu nocrynak 3a oapehuBame n3ry0/beHUX MO3UIMjA 3aCHUBA, CE€ HA OMEPATOPY MeX.

Hedunnnmuja 2. mex(A) osnavwasa najmarou npupodnu 6poj xoju nuje y ckyny A, mj. mex(0) = 0 u
mex(A) = min{i|i ¢ A}.

Ouucanu Hauud no6ujamba usrybsbenux nosunuja (A, By,), MOXKe ce 10jeJHOCTABUTH, IITO MOKa3yje
cieneha Teopema.



Teopema 2 (Pexyp3usna kapakrepusauuja usrybspenux nosuuuja). Heka je

Ap = mex{A;,B;:i<n} (1)
B,= A,+an (2)

Tada je cxyn ceur useybmernux nosuyuja P = U {(A;, B;)}.

JHoxas. VI3 u3pasasa A, u B, y bopmynanuju Teopemn ciaeam na ako je A = U2 {A,} u B=U2,{B,}
ouga cy A, u B, KoMmniaeMmeHTapHU cKynosu, Tj. AU B = Z1 ckyn meawx mosuTHBHUX OpojeBa u
ANB = (. Tepheme AU B = Z* paxu jep u3 uspasa 3a A, ciequ na Hujegan 6poj He MOxKe OHTH
ucnymreH, a AN B = () jep y cny4ajy na je A, = By, mn > m, ciena ga je A, mex cKyna KOju CaapKu
B,, = A, mrro je y cynporHocTu ca uspasom 3a A, u3 dopmynanuje reopeme. Ciyuaj kaga je n < m je
nemoryh jep je rana By, = Ay +am > A, +an > A,

Jla 6u ce mokasajia Teopema OCTaje 1a ce JIOKaXKe:

e 51a ce u3 mpon3BosbHe nosunuje (A, B,) He Moxke nohu y Heky nperxonny nosunmjy (A;, B;),i <n
e 51a ce u3 nosnnmje (x,y) ¢ P,z < y, moxke nipehn camo y Heky u3rybsweny nosuimjy (A,, By).

W3 wu3rybipene mosuimje, jeqauM moTe3oM Mmoxke ce npehin camo y mobutHy mosunmjy. U3 mosumumje
(A, By,) y3umarmeM KeTOHA, CaMO Ca je/[He TOMIUIE IPEJIa3y Ce y JAPYTY MO3UIH]y, IIPU Y€MY HOBA MO3UIU]a,
He Moxe Outu obuka (A;, B;). OBo cienu u3 uuwmenune ga cy A, u B, KOMIUIEMEHTapHU CKYIIOBU.
VKOJIMKO ce KeToHH y3uMajy ca obe romuiie, rakohe ce mpesasu y nosunujy Koja uuje obsiuka (A;, B;).
Y nporusHoM 6u 3a HOBY noszunmjy (A;, B;) Mopano jga Baxu |(B, — B;) — (4, — Ai)| < a. Mehyrum u3
jemnaxoctn B, — A, = an caequ |(n — i)a| < a, Tj. i = n, MTO je KOHTPAIUKITH]A.

N3 mobutHe mo3uimje jeJHNM MOTE30M MOXKe ce npehin camMo y m3ryOsbeHy TMOo3unujy. 3a TO3HIIN]Y
(z,9),r < y, Koja Huje usrybspena nozuimja obauka (A;, B;),i > 0 u rae cy A, u B,, KOMIJIeMEHTapHU
CKYTIOBH, MOXKE Ce cMaTparu 1a je x = By, wiu je x = A,, 3a weko n > 0. Tako cy mo3unumje y Koje ce
moxke npehiu u3 (z,y):

e Cuyuaj 1: Ako je x = B, ouzga ce u3 nosunuje (x = B,,y) MOXKE jeJHUM I0TE€30M (CKUIAHEM
JKEeTOHA Ca MOMUJIE Ha KO0joj je y kerona) npelin y usrybiveny nosuumjy (A, By,)

e Cuyuaj 2: Ako je x = A, uy > B, onua ce cmamuBameM y Moxke nohu y nosuuujy (A,, B,). Y
UPOTUBHOM, ako je A, <y < B,, oHza ce cmamuBamweMm x u y Moxke npehu y nosuuujy (A, Bn),
rue je m = L%j ud=y—z. 3aucra, uzd=1y—A, < B,— A, = an, cieau ja je m = Lg] < g < n.
IMopen Tora Baxu uejenuakoct y = A, +d > A, + am = B,,. U3 nosunuje (r,y) cMamuBameMm
00e KoMmmoneHTe npeasu ce y nosuijy (A, B,,), Ipu deMy 3a CMambeme KOMIOHEHTH BAXKU
nejenuakocr |(y — By) — (x — Ap)| = d — am < a.

O

IIpumep 8. Vkoauxo je a = 2 u mpenymua nosuyuja (x,y) Huje usd2ybrera no3uyuje, ciede npumepn
odpelusarva napednoz nomesa Kopuwherwem cnucka useybmenur nosuyuja (A, By) us mabeae 2:

e Hexa je mpenymua nosuyuja (x,y) = (17,29). Kaxo je Bs = 17, mo ce us nosuyuge (17,29) jednum
nomesom yraarbajyhu 22 oicemona ca dpyze zomuae npesasu y nosuyujy (As, Bs) = (7,17).

e Hexa je mpenymua nosuyuja (z,y) = (11,29). Kaxo je Ag = 11 u 29 > Bg = 27, mo ce u3
nosuyuge (11,29) jednum nomesom yxaarajyhiu 2 scemona ca dpyze 20Muse NPEAA3YU Y NOZUUUITY
(As, Bs) = (11,27).

e Hexa je mpenymmua nosuyuja (x,y) = (11,25). Kaxo je Ag = 11 u 25 < Bg = 27, mo ce u3
nosuyuje (11,25) jednum nomeszom yraarbajyhiu 2 scemona ca npee zomuse u 2 ca dpyze 20mune
npeaasu y nosuyujy (Az, Br) = (9,23).

Yxonuko je TpenyTHa nosuimja (z,y), 0 < z < y, nppo je morpebHo hopMupaTH Tabery ca HajMarbe n
u3rybJbeHUX TO3UINja, Tako 1a je A, = x wiu B, = z. Ilomro 3a enemenrte u3 ckymna A Baxu A, < 2n,
TO je 3a 0BO padyyHame norpebuo najsuine O(z) nopelewa, u O(x) memopujckor npocropa. BunapHom
nperparom ce y tabesu uponasase A, unu B, tako ga je A, = x wiu B, = z. Ilpema ToMe, yKyIHO
Bpeme norpebHo 3a dhopmupame Tabesne usrybpennx nosunmja je O(x).
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4.2 Aunarebapcka crpareruja

HUcnocrasmpa ce ga ce cse usrybspene nosunuje (A, By) MOry eKCIIMIUTHO M3pa3uTu Ha ciaejaehn
wauun A, = |a-n|,B, = |8 n], rue je:

2—a++Va2+4

o= 5 (3)

8= a+a. (4)

OBge cy a u 3 upanmoHa HU 3a cBako a > 0, U « je MO3UTHBAH KOpeH jemnadnne &1 + (€ +a)~! =1,

¢ =A{a, B, 2a, 26,..., na, nB, ...}. U3 ose jennakocru ciaenu Hejeauakocr 1 < a < 2, jep 360r
B! =(a+a)"! < 3 mopa sabyse o' > 1.

AKo je o pon3BOsbAH MPAIMOHAIIHN OpOj, OHZA ce 1esobpojuu pacryhin vu3 |a -0, [a-1],... |a-n]

3oBe Berujer un3 (Beatty), 32 0...n
Hajmpe cienn nokas ommrrer tBphema 0 BerujeBum HI30BIMA.

Jlema 2. Heka cy a u B nosumuenu upayuonasnu 6pojesu Koju 3adosomasajy yeaos ot + 71 =1 u
HeKa je

A;1 la-n]
B,= |B-n]
A= Uz {4}
B' = U,{B,}

’ ’
Tada cy A u B KOMNAEMERMAPHU CKYTLOBU.

Aloxa3. J10BOJBPHO je IOKA3aTHU /1a Ce TAYHO jeJaH eJIeMeHT YHUje A'UB' nanasu y MHTEpPBAIy [N N +1),
3a CBaKW MO3UTHBaH Opoj IV, Tj. TOBOBHO Je Jla OJIpeJIMMO KOJIMKO nMa OpojeBa u3 CKyTIa A" U B’ koju
cy mamwu on N, ako je N > 1. Bpojesa u3 A’ mawux on N uma LEJ Bpojesa u3 B' mamux ox N nma

L%J CabuparmeM IBOCTPYKNX HEjETHAKOCTH:

nobuja ce:
N N
N-2< H n H <N
o B
Opasne ciaenu ma je L%J + L%J = N —1, 1j. N — 1 6pojeBa u3 yHuuje AuB je mame oxg N. Chwamo
Baxku u 1a je N GpojeBa u3 A" UB' mame o1 N + 1. TIpema tome, Tauno N — (N —1) =1 eement te
yHuje npunajga narepsaiy [N, N + 1). O

V + 1J
n =
e
Zoxas. OBo ciemu u3 1BOCTPYKe HejeHAKOCTH & < 1 < 174-1 jep je Hejeppakoct
JIy>KUHE Mambe 01 1 MOXKe [1a, CaJp:Ky HAJBUIIE jelaH mean Opoj. O]

JIema 3. Axo je |a-n| =z, onda je:

x+1 €T
= — 2 <1, avnTepsan

JIlema 4 (Anrebapcka KapakTepusanuja usrybpenux nosunuja). Hexa cy o u 8 dedunucanu jednaro-
cmuma (3) u (4). Tada je cxyn ceux useybmenuz nosuyuja P = U {(la-n], |8 -n])}.

Jloxas. Younmo na je Ay = 0,By = 0 u B, — A, = an. Taxobe kako cy A, u B, pacryhu u xommie-
MEHTapHH CKYTOBH, Baxku joir u ja je A, = mex{A,, B; : i < n}. II3 oBe 4nibeHHIE WHIYKIXjOM CJIETH
/:[ajeAln:AnnB;L:annZO. O
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Heka je (x,y),r < y tpenyrna nosunuja. Tana je z = |na| = A, tue je n = L@J W je ¥ =
[nB8| = By, rae jen = L(’c;l)J, BUZIETH JOKa3 Teopeme 2 u jeme 3. Ha mpumep, ako je x = [na| = A,, n

[na) <y < [nB] onna ce cmamuBamem x u y Moxe npehn y nosunujy (|mal, |mp]), roe je m = LgJ u

d = y—x, Upyu YeMy 3a CMamberhe KOMIIOHEHTH BaxKH HejegHakoct |(y— |mfB])—(z—|mal)| = d—am < a.

IIpumep 9. V cneyujasrom cayvajy 3a a = 1 eaorcu o = 1+2\/57 WMo je 8pedrocm no3Hama Kao 3AaTMHY

npecex.
Hus |a-n] ce nasusa dorwu Bumzopos wus (An): 1, 3, 4, 6, 8, 9, 11, 12, 14, 16.... Hus |(a+ 1)n]
ce naszuea 20pwu Bumzogos nus (By): 2, 5, 7, 10, 13, 15, 18, 20, 23, 26...

4.3 ApurMeTH4Ka cTparermja

Hexka je a mpanmonanan 6poj, Koju 3amoBosbaBa yeioB 1 < a < 2. Bpoj a ce Moxke jeaHO3HATHO
upecraBuTi GECKOHAYHUM BEPUKHUM PA3JIOMKOM 00JmKa [3, 8]:

1
o =aqg+ —_—
a1+ — 1 —
a2t i

IIpu gemy ce KomuuHUIM a; PadyHajy Ha cienehu HAYUH:

Jmajbe 3a cBako ¢ > 0 je:

O = Q-1 — ;1

-l

IIpema Tome 6poj « jenro3HawHO onpehyje HU3 KOMMYIHUKA a;. Taj HA3 je DECKOHAYAH, jep je . HpaIuo-

HaJs1aH 6poj.

Pannonanun 6pojesn Cy = [ag] = ag, C1 = [ag,a1] = ap + i, Cy = [ag,a1,a2] = ag + alﬁ’ C3 =
a2

1 . . .
ﬁ’ ... rme je a; > 0 u i > 0 cy xouBeprentu 6poja «. Hcmocrasiba ce ma
a

a3

lao, a1, a2, a3] = ag +

KOHBeprenTu 6poja o KOHBEPrupajy Opojy «:

a= lim C, = lim [ag,a1,as,as,...,a,].
n—oo n—oo
Jpyrum peunma, GeCKOHAYHU BEPUIKHW PA3JIOMak [ag,ay, a2, ds, ... jenHak je 6pojy «. lokas oBe 4u-

IbeHUIIE CJIeIU y HACTABKY.

Hedbununmuja 3. Hekxa cy p, u g, y3ajamno npocmu Opojesu maxeu 0a je:

Pn
— = [ag,a1,a2,a3,...,ay).
qn
Jlema 5. Hexa je [ag, a1, a9, .. .] 6epusichu pazeoj 6poja o u 3a Hu3086e p,, u G, 6adicu credehia pexypenmmua
peasyuja;
-1 = ]_, Po = Qp, Pn = ApPn—1 +pn72, (TL Z 1) (5)
q-1 = 0, qo = 17 Qn = UnQn—1 + qn—2, (TL > 1) (6)

Tada cy xonsepeenmu 6poja o damu u3pa3om:

a 1+ Pn—
dn AnGn—1 + dn—2

Zloxas. Nunykumjom ce mokasyje ma ce OpOjuoId W WMEHWOIM KOHBEPreHATa MOrY oapenutu mnoJasehn

O po = ap, go =1 1 p1 = arap + 1, ¢1 = a1 HA OCHOBY PEKYPEHTHUX peJalyja p; = a;Pi—1 + Pi—2, ¢i =

a;q;—1 + q;—2, 1= 1, 2, RN

Ilpenas y moka3y wHIyKIMjOM 3aCHHBA Ce HA 3aMEHU a; Y BEPUIKHOM PABIOMKY %, ca a; + a,1+1 y %.
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ITo unayKTUBHO] XUIIOTE3H je P; = a;P;—1+Pi—2, ¢i = A;¢i—1+¢i—2 1 % = lag, a1, az, as,...

TOra je:

Pi+1
qi+1

= [a07a177a277a37'"7ai7ai+1]
= [a07a177a277a37”'7ai7ai+a
1+1
1
(ai + -7 )pie1 + Pi-2
= 1
(@i + 777)8i-1 + G2

@i4+10iPi—1 + Pi—1 + Qip1Di—2
Gi+10i¢i—1 + ¢i—1 + ai+1¢i—1
aiv1(aipi—1 + pi—2) + pPi—1
aiv1(aiqi—1 + qi—2) + qi—1
Gi+1Pi + Di—1

Qit1Gi + Qi1

Jlema 6. Bpojesu p, u g, 3600606060y YcA08:

Loxas.

Pndn—1 — Pn—14qn

Pndn—1 — Pn—14n = (71)n

(@nPn—1+Pn—2)qn—1 — Pn-1(@nqn-1 + qn-2)
AnPn—19n—1 + Pn—2qn—1 — Pn—10ndn—1 — Pn—1qn—2
Pn—2qn—-1 — Pn—14n—2

—(pn—1Qn—2 - pn—2qn—1)

—((an—1Pn—2 +Pn-3)Gn—2 = Pn—2(@n—1qn—2 + Gn—3))
~(—(Pn—2@n—3 — Pn—3qn—2))

Pn—2qn—-3 — Pn—34n—2

(=1)"(p190 — poq1)
(—=1)"(arao + 1 — apay)

(=n"

Jlema 7. Bpojesu p, u qn 3600606060y Ycao8:

Pndn—2 — Pn—24n = (*1)71710%-

Zoxas.

Pndn—-2 — Pn—2qn

(@nPr—1+Pn—2)qn—2 — Pn—2(andn—1+ qn—2)
AnPn—19n—2 + Pn—2qn—2 — Pn—20nGn—1 — Pn—2qn—2
ApPn—19n—2 — Pn—20nQ4n—1

an(Pn—14n—2 — Pn—2Gn-1)

(_1)n_1an

’ ai]

. 36or

O

Jlema 8. Ilapnu xoneepzenmu Cay 6€CKOHAUHOZ 8EPUNCHO2 PASAOMKG “UHE cMpPo20 onadajyfiu Hu3 y
odnocy na n, mj. Co > Cy > Cy > ... > Cyy,. Ca dpyze cmpane, nenapnu xonsepzenmu Co,i1 wuhe
cmpozo pacmyhu Hud y odnocy na n, mj. C_1 < C1 < C3 < ... < Copy1. Hodammno, ceaxu nenapru
KOHGEP2EHIN, Je MatbU 00 C6aKO02 NAPHOZ KOHGEP2ZEHMA.
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/loxas. Ha ocuoBy sieme 7 nobuja ce:

D2 Po2n—2
C121'7, - CQn—Q = ===
q2n q2n—2

P2ng2n—2 — P2n—292n
q2n42n—2
(=1)*"as,
q2nq2n—2
—A2n

q2nq2n—2
< 0.

Tuwme je nokasano ga je Cy > Cy > Cy > ... > Cyy,.
Ha cimyan Hauub 3a y3acTolHe HelapHe 4/laHoBe HU3a BarKu:

P2n+1 P2n-1
d2n+1 d2n—1
P2n+142n—1 — P2n—142n+1

Cont1 — Cop—1 =

q2n+192n—1
2
(=1)*azn41
q2n+192n—1
a2n4-1

q2n+192n—1
> 0.

Tuwme je nokazano na je C_1 < Cy; < C3 < ... < Copy1.
Ha kpajy, paznuka

P2 P2n-1
CZn - CZn—l = ==
92n q2n—1

DPonq2n—1 — P2n—142n
q2n92n—1
(_ 1)2n
q2nq2n—1
1

q2n+192n—1
> 0

je TO3UTHUBHA.
Kombunyjyhu ose HejeHAKOCTH /1071831 Ce JIO:

Ci1<C3<--<0<---<Cy <y

Jlema 9. Hexka je D; = aq; — p;. Tada 3a j > —1 eaoscu:

m

D; + Z aj2iDj12i—1 = Djiom.
i=1

Zoxas. 3a i =1 cyma ca JjieBe CTpaHe jeIHAKA je:
Dj+aj12Djr1 = agq; —pj +ajia(agji1 — pj)

= a(aj+2q5+1 + q5) — (@j+2pj+1 + pj)

Qgj+2 — Pj+2

Dj+2.



On/1a, YKOJIMKO ce u3pa3 Hanwmiie 3a ¢ = 1...m nobuja ce:

Dj+ajp2Djpn = Djio
Djta+aj44Djes = Djya
Djis+ajreDjys = Djis
Djiom—2+ajromDjrom—1 = Djiom.
Hakon cabupama 0BUX jeJHaKOCTH, 100uja ce ynpaso D; + Z:’;l aj42iDjt2i—1 = Djiom. O

Jlema 10. Hexa je Hiy1 = a;11D; + @i—1Pi—2 + - . . + ap+1pk, 20e je k = 0 axo je i napan, k =1 axo je i
nenapar. Tada je:
Hi 1 =piy1— 1

Loxa3s.
Hiyw = aup1pi +ai—1pi—2 + ...+ arpt1Dx
+ (aipo +p-1) —p-1 (i mapuo
= (@it1pi +pi—1) — pi—1 + (@i—1pi—2 + Pi—3) —Pi—3 + . .. ( ) ( )
+  (a2p1 +po) —po) (i memapmo)
+ (-1 ¢ IIAPHO
= (Pi+1 —pi—1) + (Pi—1 —pi-3) + .. ( ) . )
+ (p2—po) (i memapuo)
Baag=1jepy =1, macey oba cnyuaja nobmja aa je H;y1 = pi+1 — 1. O

Hu3z 6pojunamna p,, Moxke ce MCKOPUCTUTH KA0 HU3 TEXKWHA 34 CIENHjaJTHH OPOjHH CHCTEM, 33 KOjH
KaxkeMo J1a je p-cucreMm. CIiIMYHO, HU3 UMEHUJIAIA ¢, MOXKE Ce UCKOPUCTUTH KAa0 HU3 TEXKWHA 34 JIPyTH
OpOjHU CUCTEM, 33 KOJU KayKeMO 113 j& ¢-CUCTEM.

Teopema 3. V p-cucmemy ce céaku no3umusar npupodnu 6poj N jeduncmeeno modce 3anucamu Ha
caedehu navum:

m
N=> sipi, 0<si<aip, (10)
i=0
npu wemy, ako je Siy1 = ait2, onda je s; =0 3a ceaxo i > 0.
CAuMHO 8024CU U 3G (-CUCTNEM:
n
N=> tig, 0<to<ay, 0<t;<ai, (11)
i=0

npu wemy, ako je t; = a;y+1, onda je t;—1 =0 3a ceaxo i > 1.
Osde cy s;, odnocho t;, yugpe 6poja N y p-cucmemy, 00HOCHO q-cucmemy.

Zloxas. Heka je 3a maru 6poj N majsehe ¢ Takso ma je p; < N jemunako m. Tama ce N MoxKe pa3aoKATH
IOMONy HH3a JE/beha Ca OCTATKOM Ha CjaeAehn HAYIWH:

N = SmPm + Tm, 0 <1y < Py

T'm = Sm—1Pm—1 + Tm—lyo < Tm—1 < DPm-1
rig1 = S$pi+71i,0< 1 <p;

rgo= s1p1+11,0< 1 <p1

= SoPo-

Jpyrum peunma, moja3u ce 10 pasiiarama opoja N y p-cucremy
m
N=> sip (12)
i=0
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Ipumerumo na pazsarame (12) Baxku HE3ABUCHO O TOra Kakas je Hu3 1 =pg < p; < p2 < ....
Crenujaino, ako je p; = b*,b > 1, 6poj N ce MOXKe TpeICTaBUTH:

m
N=> sb, 0<s;<b i>0,
i=0
ITO je yobmdajeHa mpescrasa 6poja N y cucremy ca OCHOBOM b.

Hudpe s; y pasnaramwy (12) 3amoBosbasajy cienehe ycmose:

= Tig1 — T < Tit1 < Pit1 _ Gi41pi + Pi-1 — a1 + Pi—1 < +1,
Di Di Di Di Di

Tako Ja je 0 < s; < a;41 3a cBako ¢ > 0.
Amnasnorne vejeguakoctu 0 < t; < a;41 Baxke 3a i > 0. Mehyruwm, 3a ¢ = 0 360r ¢_1; = 0 nobuja ce:

rL—7" r a +q_
tozl 0§71<q71:1QO Q1:a1’

q0 qo qo q0

Tj. BaXXHW CTPOTa HejeTHAKOCT.
IIpernocrasuMo na je s; = a;4+1 4 s;—1 > 1, oHma je:

Tp = 8- 1Pi—1 + Ti—1 = Pi—1 +Ti—1 = Di—1,

U majbe:
Tit1 = S$iPi + 1 = Qip1Pi T 2 Qip1Pi + Pic1 = Dit1

mTo je KoHTpaauknuja. IIpema Tome, ako je s; = a;4+1 oHAa je s,_1 = 0 3a cBako ¢ > 1 u BaxKu:
$ipi + Si—iPi—1 + ...+ Sopo < Pit1 (13)

TlorpebHO je moka3zarTw jOI jeAMHCTBEHOCT OBaKBe pempe3enTaruje. Heka je:

m m
N=> sipi=) upi,
i=0 i=0

rue s; U u; 3a10BosbaBajy ycaose pare y (10).
Hexa je j majsehm 6poj 3a koju BaxKu S; 7# u; W HeKa je Ha mpuMmep s; > uj;. Hakom omy3mmama JBe
pemnpe3enTanuje 6poja N:

N = sopo+sipr+...+8j-1pj—1+8pj + ...+ SmPm
N = wpo+wipr+...+uj—1pj—1 +ujp; + ... + Umpm
jaobuja ce:
Jj—1 j—1
D sipi— > wipi+ (s;p; — up;) =0,
i=0 i=0
OJIHOCHO:

j—1 j—1
(sj —uj)p; = Z Uipi — Z SiPi-
i=0 i=0

Jampe ce mobuja ciremeha HEjeTHAKOCT:

pi < (s —uy)p;
j—1
= ) (ui—si)pi
i=0
j—1
< U;Ps-
i=0
OsBa cyma ce pasbuja Ha mapoBe cabupara u;p; + ;i—1pi—1, i =j—1, j—3, j—5,.... Ago je u; = a;41,
oHjpa je u;—; = 0, ma je u;p; + u;—1pi—1 = Qij+1p;- Y IPOTUBHOM, ako je u; < a;11 — 1, onga je
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Wi + Ui—1Pi—1 < (@41 — 1)pi + @ipi—1 = @ip1Di — Pi + @iPi—1 = Gig1Pi — Di—2 < Gip1Pi
Hakme, y 06a caydaja BaxKl HEjeTHAKOCT UiPi + Ui—1Di—1 < Qit1Di-
IIpumemyjyhu u3BeaeHy HejeJHAKOCT HA, MapoOBe CAbMpaka y CyMu Zg;g u;p;, 100Mja ce HEjeTHAKOCT:

Jj—1

Zuipi <ajpj—1+aj_2pj—3+ ...+ azp1
i=0

Ha ocroBy meme 10 gobmjena je HejemHaxocT p; < p; — 1, MTO je KOHTPAIUKIIH]a.

O
Jlema 11. Bepuosichu paseoj 6poja « depunucanoe jednaxowhy (3) je:
2—a++va2+4
a=[1a,a,a,a,..]=——"86494/4/494o—.
2
Zloxas. Tlonazehn ox a = 1 Baxkm:
1 5 5—-1
o LEVE WV
2 2
1
V5—1
1
= 3
1
1
= 1+ 1+5
2
1
o
= 1+ !
I+
= [1,1,1,1,...].
OBuMe je MOKazaHo Ja TeopeMa Baxku 3a a = 1.
IIpernocrasmpa ce ga TBpheme Baxku 3a cBe Bpeanoctu a = k, k < n,n > 1.
2—k+Vk®+4 1
g FEVEAS . L 1,k kK, ...].
2 k—14+a
Tlokaxkumo na tBpheme Baxkm 3a a = k + 1, Heka je k = a — 1:
2—(k+1) 4+ (kE+1)2+4 2—(a—1+1)+/(a—1+1)2+4
a= =
2 2
_ 2—a+vVat+4
B 2
ITa je HA OCHOBY WHYKTHBHE XHUIIOTE3€E:
2—k+Vk2+4 1
o — N kK.
2 k—1+a
Tuwme je mokaszamo j1a TeopemMa Baxku 3a a = k + 1.
IIpunnunoM MareMaTHdKe WHAYKIFjE TIOKA3aHO je 1a TeopeMa BaxKu 3a CBakKo k € N O
[Ipukasz npBux HEKOIUKO OpoOjeBa 3alMCAHUX Y P U ¢ CHCTEMY, 3a a; = 2, ¢ > 1 mar je y Tabesnn 3.
Hedunuruja 4. Penpesenmayuja R je (m + 1)-mopxa 3a kojy easicu:
R= (dmvd’m—lv"')dlado)a Ogdz Sai-‘rla (14)
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Tabena 3: [Ipuka3 TpBUX HEKOJIMKO OPOjeBa 3AMUCAHUX ¥ P U ¢ CUCTEMY, 38 a; = 2, 1 > 1.

q3 [ 92 | 91 | 9o Ps | P2 | P1 | Po
12 5 2 1 17 7 3 1 n
1 1 1
1 0 2 2
1 1 1 0 3
2 0 1 1 4
1 0 0 1 2 5
1 0 1 2 0 6
1 1 0 1 0 0 7
1 1 1 1 0 1 8
1 2 0 1 0 2 9
2 0 0 1 1 0 10
2 0 1 1 1 1 11
1 0 0 0 1 1 2 12
1 0 0 1 1 2 0 13
1 0 1 0 2 0 0 14
1 0 1 1 2 0 1 15
1 0 2 0 2 0 2 16
1 1 0 0 1 0 0 0 17

npu wemy 3a ceaxo i > 0 sastcu: axo je d;y1 = a;yo onda je d; = 0.
Hexa je

d;p;

’UN
I

N
I
=)

p-unmepnpemayuja penpezenmavuje R.
Axo je dg < ay, nexa je

I, =Y dig
=0

q-unwmepnpemayuja penpesenmavuje R.
Y cynpommuom xasicemo da ne nocmoju q-unmepnpemanuje penpezenmanuje R.

Hpumep 10. IHocmampajyfiu mabeay 3 3a penpesenmayujy R = (1,0,1):
o p-unmepnpemayuja penpesenmayuje R je I, =1-14+0-3+1-7 = 8.
o g-unmepnpemayujae penpesenmayuje R je I, =1-1+0-241-5=6.
Hedbunnumja 5. 3a ceaxu nosumusan 6poj k =Y.  d;p; easicu da je:
R,(k) = (dm,dm—1,---,d1,do)

p-penpesenmauujae R, 6poja k.
3a cearxu nosumusan 6poj k = > . d;q; axo je dy < a; onda je:

Ry(k) = (dm,dm=1,-..,d1,do)
g-penpesenmayuja R, 6poja k.
IIpumep 11. Iocmampajyhu mabeay 3 je:
° Z?:o dipi=1-140-3+1-7=38, na je R,(8) =(1,0,1) p-penpesenmayuja R, 6poja 8.
. Z?:o gpi=1-140-24+1-5=06, na je Ry(6) = (1,0,1) g-penpesenmayuja R, bpoja 6.
Y HacTaBKy ce pa3MaTpajy p-mHTepupetanmje I, u g-pempeseHTanymje R, je:

L(Ry(k)) = Ly(dm,dm—1, .., do).



Hedunuurmja 6. Yrxoauxo ce y R ceaxa yugdpa d; nomepu y ae6o 3a jedno mecmo dobuja ce re6u nomepaj

penpezenmayuje R, penpesenmayuja R = (dm,dm—1,...,d1,do,0), a ykoauko je R penpesenmanuja ca
dy = 0, onda ce ceaxa yudpa d; nomepu 3a jedno mecmo y decro dobuja ce dechu NOMEPA] penpeseHmayuje
R, penpesenmayuja R = (dp, dpm—1, . ..,d1). IIpu decrom nomepajy nema donyreasarea penpesenmauje

R nexom yugpom c seaa.

IIpumep 12. 30 a = 2 je R,(5) = (1,2). Tada je nesu nomepaj penpesenmayuje R, penpesenmayuja
R;(B) = (1,2,0). Jox axo je R,(10) = (1,1,0), mada je decnu nomepaj penpesenmayuje R, penpesen-
mayuja R; (4) = (1,1) (sudemu mabeay 3).

IIpumep 13. 3a a =2 je R,(12) = (1,0,0,0). Laxase, I,(1,0,0,0) =17 (sudemu mabeay 3).

Onucanu p u g OPOjHU CHCTEME MOTY C€ MCKOPUCTHUTH 33 jOIl jefaH Ha4uuH ofpehuBama n3ryb/beHnx
no3uruja, Kopucrehn ciaemeha cBojcTBa.

CsojctBo 1. Hexa je n nosumuean 6poj, o = [1, a1, az, . ..| upayuonaian ca KOHEEPZEHTUMA %. Vro-
auko ce penpezenmayuja Ry(n) = (dm, dm—1,- .., dak,0,...,0), dog, # 0 3a8pwasa naprum 6pojem nyaa,
odnocro ako jen =Y o diq; onda je:

Ip(Rq(n)) = [nal,
mada je [na) = >, dipi.
Yroauro ce penpesenmayuja Ry(n) = (dpy, dim—1, ... ,d2,0,...,0), do # 0 3a6pwasa nenaprum Gpojem
HYAG, O0HOCHO GKO je n = Z;Z%H d;q; onda je:
Ip(Ry(n)) = [na] +1,
mada je |[na| = —1+ ZZZ%-H d;ip;.

Joxas. Y caydajy kama ce Ry(n) 3aBpuraBa mapHuM OpojeM Hysa JOBOJBHO je MOKA3aTH:

m m
Z dip; < no < Z dipi + 1,
i=2k i=2k
0< na— Y o dip; <1,
0< « 211216 diQi — 221216 dipi <1,
0< Yoo dilag; — pi) <1,
0< 2o diD; <1

Ha ocuoBy steme 9 je:

m
Doy + E a2k4+2iDagy2i—1

g
S
S
v

i=2k i=1
- D2k+2m
> 0,

m m

> diDi < Y aski2i-1Dapynio

i=2k )
= Dagyom—1 — Dag—1
< Doprom—1+1
< 1.

Y cayuajy xaga ce R,(n) 3aBpiraBa HemapHUM OpojeM Hysa JOBOJGHO je MOKA3aTH:

—-1< ZZQIHJ d;,D; <0
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Ha ocunosy sieme 9 je:

m m
Z d;D; > Z a2k+2i Dakt2i-1
i=2k+1 i=1
= Daogtom — D2
> =Dy
> —Dy
> 11—«
> 1,
m m
Z d;D; < Dogi1+ Za2k+2i+1D2k+2i
i=2k+1 i=1
= Dogyomi1
< 0.
IIpema Tome, Bake HejeanakocTn 0 < na — > oo dip; < 1 O

ITpumep 14. Ilocmampajyhu mabeae 2 u 3, 3anascamo da ce:
e R,(10) = (2,0,0) saspwasa ca dee nyse (napan 6poj), na je I,(2,0,0) = 14, A;q = 14.

o R,(7) =(1,1,0) saspwasa ca jedrnom nysom (nenapan 6poj), na je Ip(1,1,0) =10, A7+1=9+1 =
10.

CsojcTBo 2. Hexa je o = [1,a], B = a + a, 2de je a nosumusan 6poj. Tada 3a ceaxo n > 1, p-
penpesenmayuja 6poja |nfB] odzosapa sesom nomepajy p-penpesenmayuje R, 6poja |no

R,([nB]) = R,(|na))

Zloxas. Tlonazehn om n = 1, Baxkn:

la) =1=po
1Bl=1+a=m
Ry(p1) = R, (po)

OBume je mokasano ga TBpheme Baxku 3a n = 1.
IIpernocraBumo ja TBpheme BayKu 3a CBe BpeIHOCTH k < M.

R, ([kB]) = R,(|ka))

IIpema csojcrBy 1 ce R,(|na|) saspuasa napuum Gpojem nyna. Heka je R’ neBu nomepaj R,(|na))
KOju ce 3aBpIiiaBa HemapHuM Opojem Hysa. [Ipema mHAyKTUBHO] XUIOTE3U Ip(R,) Pa3IUIATO je Of CBUX
6pojesa |k3], k < n. (Jep cy penpesenranmje cBux TuX GpojeBa JeBu momepaju pemnpesentanmja | ko).
IIpemnuznnje, Ip(R/) je HajMamu OpOj Uhja ce perpe3eHTalja 3aBpIiaBa HemapHuM OpOjeM HysIa, a KOju
jow nuje pobujen. Ako 6u 6uiio Ip(R/) # |kB], onma 6u 6poj |kS| Guo mpeckouen, Tj. me 6u ra OO
moryhe nobutn 3a k > n, jep je uu3 | kS| pacryhin (cynpoTHO 3aK/byUKy O KOMIIJIEMEHTAPHOCTH U3 JIEME
2). O

IIpumep 15. Ha ochosy mabeaa 2 u 8 sasice Hapedue jednakocmu. Hexa je n = 3 mada je Az = 4 u
Bs = 10.

CsojcrBo 3. Hexka je n nosumusan 6poj. Ykoauko ce penpesenmayuja R,(n) saspwasa naprum 6pojem
nyaa onda je n € {Aglk > 0}, a axo ce penpesenmayuja R,(n) 3aspwasa nenaprum 6pojem nyaa onoa
je n € {By|k > 0}.
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Joxas. R,(|na|) ce 3a csako n 3aspasa napuum 6pojem myna. R,(|nfB]) ce 3a cBaxo n 3aBpwasa
HemapHUM Gpojem Hysa. Jlakie, OBO CBOJCTBO CJIeIM W3 KOMIJIEMEHTapHOCTH Hu3oBa |na| u [nB]. O

IIpumep 16. Ilocmampajyhu mabeae 2 u 3, s3anascamo da ce:

e Ry(3)

(1,0) saspwasa ca jedrnom nysom (nenapan 6poj), na je 3 y nusy B, By = 3.

o Ry(7)

(1,0,0) saspwasa ca dse wysre (napan 6poj), na je 7 y nusy A, As = 1.
e R,(9) =(1,0,2) saspwasa ca nysa wysa (napawn 6poj), na je 9 y nusy A, Az = 9.

Ha ocuoBy cBojctaBa 1, 2 m 3 MOXKe Ce M3BPIINTH KapakTepu3anuja Tekyhe MO3WIMje W OIpeIuTn
ciaenehn mores.

IIpernocrasumo na je tekyha moszunmja (x,y),0 < z < y. Hajope je norpebuo upadymaru R,(x) u
[POBEPUTH Ja JIM CE 3aBpllaBa MapHUM WM HEIApHUM OpojeM HyJia.

1. Vxomuko ce R,(x) 3aBpruaBa HemapHuM OpojeM Hysa, OHZA je £ = B,, Tako Ja je HOOeIHUYKH
nore3 (z,y) — (IP(R; (2)),x).

2. Yxomuko ce Rp(z) 3aBpmaBa mapHuM Opojem Hyna, oHza je x = A,. Axko je y > Ip(R;(x))
nobenuauuku nores je (z,y) — (z, [p(R;D(x)). YV mporuBHOM, aKo je y < Ip(R;)(x), padyHamo
d=y—z,m= L%j Yxonuko ce R, (m) 3aspwasa napuum 6pojem nysa, onna je A, = I,(R,(m)); y
IPOTHBHOM C€ 3aBpIIaBa HemapHuM 6pojeM Hyna u A, = I,(R,(m))+1. ¥ oba ciaydaja nobe HIYKE
nores je (z,y) = (Am, Am + ma).

5 MHNMmMnaemeHTanmja v eBaJIyalija

Y nporpamckoM je3uky C'++ cy peajn3oBaHe ONMucaHe CTpaTerje. 3a CBaKy CTpaTerujy y tabesnu 4 cy
NPUKA3aHM PE3YJITATH padyHarma M3ryO/beHUX MMO3WINja Y MUJINCEKYHIaMa 3aBUCHO O/ M, IpU (DUKCHOM
a = 2. 3a mepeme je KopuiilieHa xpoHo Gubnuoreka (enr. chrono library). Mepemwa cy usBpriena Ha
pagyHapy ca ciaemehoMm KOH(MUTYypaAIHIjoM:

CPU: Intel(R) Core(TM) i7-4510U CPU @ 2.00GHz
RAM: Kingston 8GB 1600MHz DDR3

OS: Debian GNU/Linux 9 (stretch)

Compiler: gcc 6.3.0

ITporpaMcku KOZ U CBa Mepema Cy J0CTYIMHA Ha [7].
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Tabena 4: @opmuparse Tabese U3ryO/beHNX MO3NUINja Y MIJINCEKYHIaMa

JdumeH3uja TabeJie

Pexyp3uBHa cTpaTreruja

Aarebapcka cTparermja

ApurmMernuka crpareruja

10 0.022 0.009 0.106
20 0.023 0.014 0.175
40 0.038 0.018 0.397
80 0.069 0.019 0.801
160 0.110 0.033 1.718
320 0.212 0.045 3.702
640 0.398 0.085 7.224
1280 0.764 0.154 13.491
2560 1.559 0.313 18.112
5120 2.969 0.575 31.190
10240 5.446 1.223 63.070
20480 11.533 2.325 130.527
40960 19.007 4.733 274.890
81920 29.549 6.898 577.927
163840 38.508 11.908 1212.630
327680 77.360 23.227 2531.220
655360 154.610 46.643 5276.950
1310720 310.208 92.360 11054.600
2621440 619.201 188.162 23401.900
5242880 1242.340 369.427 49698.100
10485760 2498.780 753.910 103282.000
20971520 5021.820 1524.980 213003.000
41943040 10052.700 3065.810 587616.000
Y rabenu 5 mpuKazaHU cy 3a a = 2 maposu u3ryomenux (A, B) nosummja 3a meke n 1o 1031,
Tabena 5: Cumcak gesia u3ryb/beHUX MMO3UIKU)A 38 4 = 2

n A B
10 14 34
20 28 68
40 56 136
80 113 273
160 226 546
320 452 1092
640 905 2185
1280 1810 4370
2560 3620 8740
5120 7240 17480
10240 14481 34961
20480 28963 69923
40960 57926 139846
81920 115852 279692
163840 231704 559384
327680 463409 1118769
655360 926819 2237539
1310720 1853638 4475078
2621440 3707276 8950156
5242880 7414552 17900312
10485760 14829104 35800624
20971520 29658208 71601248
41943040 59316416 143202496
83886080 118632832 286404992
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Tabena 5: Cnucak jgena u3ryO/peHUX MO3UNKja 33 @ = 2

n A B
167772160 237265664 572809984
335544320 474531328 1145619968
671088640 949062656 2291239936
1342177280 1898125312 4582479872
2684354560 3796250624 9164959744
5368709120 7592501249 18329919489
10737418240 15185002499 36659838979
21474836480 30370004999 73319677959
42949672960 60740009999 146639355919
85899345920 121480019999 293278711839
171798691840 242960039998 586557423678
343597383680 485920079996 1173114847356
687194767360 971840159992 2346229694712
1374389534720 1943680319984 4692459389424
2748779069440 3887360639969 9384918778849
5497558138880 7774721279938 18769837557698
10995116277760 15549442559877 37539675115397
21990232555520 31098885119754 75079350230794
43980465111040 62197770239509 150158700461589
87960930222080 124395540479019 300317400923179
175921860444160 248791080958038 600634801846358
351843720888320 497582161916076 1201269603692716
703687441776640 995164323832152 2402539207385432
1407374883553280 1990328647664304 4805078414770864
2814749767106560 3980657295328608 9610156829541728
5629499534213120 7961314590657216 19220313659083456
11258999068426240 15922629181314432 38440627318166912
22517998136852480 31845258362628865 76881254636333825
45035996273704960 63690516725257730 153762509272667650
90071992547409920 127381033450515460 307525018545335300
180143985094819840 254762066901030920 615050037090670600
360287970189639680 509524133802061840 1230100074181341200
720575940379279360 1019048267604123680 2460200148362682400
1441151880758558720 2038096535208247360 4920400296725364800
2882303761517117440 4076193070416494720 9840800593450729600
5764607523034234880 8152386140832989440 19681601186901459200
11529215046068469760 16304772281665978880 39363202373802918400
23058430092136939520 32609544563331957760 78726404747605836800
46116860184273879040 65219089126663915520 157452809495211673600
9223372036854 7758080 130438178253327831040 314905618990423347200

184467440737095516160

260876356506655662080

629811237980846694400

368934881474191032320

521752713013311324160

1259622475961693388800

737869762948382064640

1043505426026622648320

2519244951923386777600

1475739525896764129280

2087010852053245296640

5038489903846773555200

2951479051793528258560

4174021704106490593280

10076979807693547110400

5902958103587056517120

8348043408212981186560

20153959615387094220800

11805916207174113034240

16696086816425962373120

40307919230774188441600

23611832414348226068480

33392173632851924746240

80615838461548376883200

47223664828696452136960

66784347265703849492480

161231676923096753766400

94447329657392904273920

133568694531407698984960

322463353846193507532800

188894659314785808547840

267137389062815397969920

644926707692387015065600

377789318629571617095680

534274778125630795939840

1289853415384774030131200

755578637259143234191360

1068549556251261591879680

2579706830769548060262400
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Tabena 5: Cnucak jgena u3ryO/peHUX MO3UNKja 33 @ = 2

n

A

B

1511157274518286468382720

2137099112502523183759360

5159413661539096120524800

3022314549036572936765440

4274198225005046367518720

10318827323078192241049600

6044629098073145873530880

8548396450010092735037440

20637654646156384482099200

12089258196146291747061760

170967929000201854 70074880

41275309292312768964198400

24178516392292583494123520

34193585800040370940149760

82550618584625537928396800

48357032784585166988247040

68387171600080741880299520

165101237169251075856793600

96714065569170333976494080

136774343200161483760599040

330202474338502151713587200

193428131138340667952988160

273548686400322967521198080

660404948677004303427174400

386856262276681335905976320

547097372800645935042396160

1320809897354008606854348800

773712524553362671811952640

1094194745601291870084792320

2641619794708017213708697600

1547425049106725343623905280

2188389491202583740169584640

5283239589416034427417395200

3094850098213450687247810560

4376778982405167480339169280

10566479178832068854834790400

6189700196426901374495621120

8753557964810334960678338560

21132958357664137709669580800

12379400392853802748991242240

17507115929620669921356677120

42265916715328275419339161600

24758800785707605497982484480

35014231859241339842713354240

84531833430656550838678323200

49517601571415210995964968960

70028463718482679685426708480

169063666861313101677356646400

99035203142830421991929937920

140056927436965359370853416960

338127333722626203354713292800

198070406285660843983859875840

280113854873930718741706833920

676254667445252406709426585600

396140812571321687967719751680

560227709747861437483413667840

1352509334890504813418853171200

792281625142643375935439503360

1120455419495722874966827335680

2705018669781009626837706342400

1584563250285286751870879006720

2240910838991445749933654671360

5410037339562019253675412684800

3169126500570573503741758013440

4481821677982891499867309342720

10820074679124038507350825369600

6338253001141147007483516026880

8963643355965782999734618685440

21640149358248077014701650739200

5.1

Pekyp3uBHa cTpareruja

3a pauyname Tabese u3ryO/beHIX MO3UINja PEKYP3UBHOM CTPATErHjOM IIPBO je MOTPeOHO /1a u3pady-
Hamo A;, Taunuje norpebHo je nahu apryment oneparopa mex (nedununmja 2). YV komy 1 (bynknuja
get_min_positive(int last_mex_index)) 3a u3pauyHaBame BPEIHOCTHU OMEPTOPA MeX-a je KopuiiheH
nomohuu Hn3 _ C' WHUNMjaIU3WBAH HyJaMa, JUMEH3Hje 2 % n, ¢ 003UPOM [1a 3a eJeMeHTe Hu3a A Baxwu
a < 2xn. OapehuBame BpeIHOCTH OlepaTopa mexX CBOAU CE€ HA MPOHATAYKEHE WHIEKCA NPBE HYJIE.
IIpuamkom HapeaHOr padyHama BPEIHOCTH OIMEPATOPA MEeX MOXKE Ce IMOhU Of MHIEKCA IJe je 3aBPIIeHO
[PETXO/IHO TpazKeme. Y CBAKOj urepaiuju ejgementu Huza A m B ce padynajy npema teopemu 2.
Honarmo ce axkypupa uu3 _C, Tako IITO ce Ha TO3WIN]y mex u b ynuiy BpeanocTw mex u b. Jlakie,
cioxkenocT dhopmupama Tadbene u3rybpenux nosunuja je O(n).

Konm 1: Pexkyp3usra crpareruja padyHama Tabese n3ry0/beHUX MO3HUITHja

void Recursive::p_positions() {

_A.push_back(0);
_B.push_back(0);

vector<int >::size type c¢_size = vector<int >::size type(2 x
_C.resize(c_size, 0);
int last mex index = 1;
for (int i = 1; i <= _n; i++) {
int mex = get min_positive(last mex index);
last mex index = mex;
_A.push_back (mex);
int b = _Af[vector<int >::size_type(i)] + _a % i;
_B.push_back(b);
_C[vector<int >::size_type(mex)]| = mex;
if (b<=2x n) {
_Clvector<int >::size_type(b)] = b;

}

n+ 1);
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18 }

19 }

20

21 int Recursive::get min_ positive(int last mex index) {

22 auto it = find (_C.begin() + last_mex_index, _C.end(), 0);
23 return static_cast<int >(distance(_C.begin(), it));

24 '}

I'paduyku nmpuka3 3aBUCHOCTH BPEMEHA y MUJIMCEKYHIAaMa O N JaT je Ha CJuIH H, 33 a = 2.

IpachkK peKyp3vMBHe cTpaTerunje 3a KoHCTpyKunjy Tabene narzbmenux nosuumja

10000 A

8000 +

max pair (59 316 416, 43 202 496)
6000 +

4000 A

Bpeme w3Bplwasaralms)

2000 +

na=2 le7

Cnuka 5: Tpaduk pekyp3uBHe cTparerrje 3a KOHCTPYKIH]y Tabesie u3ryO/heHuX MO3UIHja

5.2 Auarebapcka cTparermja

3a pasiuky 0 PeKypP3UUBHE CTPATeruje KOja KOPUCTH MMIUIMUUTHY PeKyp3ujy, ajurebapcka crpa-
reruja pauynajyhu alpha u beta upema nedunucanum jennakocruma (3) u (4) KOPUCTH EKCILIMLIUTHY
pekypsujy (kox 2). 360r Tora je yKymHa BPEMEHCKa CJIOKEHOCT KOHCTPYKIUje Tabesie nu3ryb/beHuX mo3u-
mja O(n).

Kon 2: Anrebapcka crpareruja padyHama Tabesie u3ryo/beHux MO3UIIja

1 wvoid Algebraic::p_ positions() {

2 const double alpha = (2 — _a + sqrt(_a = _a + 4)) / 2;
3 const double beta = alpha + _a;

4

5 _A.push_back (0);

6 _B.push_back (0);

7

8 for (int i = 1; i <= n; i++) {

9 _A.push_back(static_cast<int >(floor (alpha x i)));
10 _B.push_back(static_cast<int >(floor (beta x i)));
1)

12}

I'paduyku nmpuka3 3aBUCHOCTH BPEMEHA y MUJIMCEKYHIAMa O 1 JaT je Ha cauim 6, 3a a = 2.
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Ipachuk anrebapcke cTpaTerunje 3a KOHCTpYKUWjy Tabene narsbmeHnx nozvunja

3000 +

2500 +

|

max pair (59 316 416, |43 202 496)

1000 A

Bpeme u3Bpwasarba(ms)
[
[%,]
(=]
(=]
.

na=2 1le7

Cnuka 6: T'paduk anrebapcke crpareruje 3a koncrpyknujy I1 rabene

5.3 ApurMmerunuka cTpareruja

3a padyHame Tapesie u3ryo/heHUX MO3UINja APUTMETHIKOM CTPATErHjOM KOPHUCTH Ce KOHAYAH BEPHU-
JKHU pasnomak [1,a,a, ....,a], mro 3axrea Bpeme O(n) (®ynkumja alpha_continued_fractions()) y
KOIy 3).

ITorom ce dbopMupajy HU30BY p W ¢ IIpeMa JeMH 5, HBHUX0Ba AuMeH3uja je Hajuie log(n). Crora je
BpeMme 3a BuxoBo Gopmupame O(log(n)) (Pyukimja p_q_numerations() y komy 3).

ITpeocraje jomr camo ga n 6pojeBa MPEICTABUMO Y P U ¢ CHCTEMY. 3a FbUXOBO MPEJICTABHAE Y CBAKO]
ATepanyjun OMHAPHOM IIPeTparoM HU30Ba p U ¢ ompehyje ce ca Koauko mudapa rpeda mpeacTaBuTu Opoj
i, IITO je y HajropeMm CJIy4dajy jeJHAKO BEJMYMHU HU30Ba p u ¢, taunmje log(n). Tako ma je cioxkenocr
ose Ounapue mperpare O(log(log(n))). Pemnpesenraimja 6poja k y p wiam g cucremy ce no6uja Tako
IIITO pavyHAMO KOJUYHUK U OCTATAK TPU Jesbermy Opoja k ca oaroapajyfioM BpemHOCTH HW3A P WA (.
VKOIUKO IMAMO OCTATaK, MOTPEOHO je U Hhera MPeJACTaBUTH y P WIH ¢ CHCTeMy. Perpe3eHTalnja OCTaTKa
y p WA ¢ CHCTEMy je TMO3HaTa, TaKO /13 je IOTPeOHO caMo Ja je MPeKOomupaMo Ha Kpaj Tekyhe p man ¢
penpeserTanyje 6poja k, He memajyhu npurom yranpe gedunucad 6poj mudapa. CioxkeHocT onepaiyje
KOTIMpama jenHaka je Opojy ejemeHara KOju ce KOMUpa, MTo je y HajropeM ciay4uajy log(k) — 1 mudapa.
Kako nmamo n urepamyja yKyImHa CJI0KEHOCT IPE/ICTAB/bathba MPBUX N OPOjeBa y P M ¢ CUCTEMY 3aXTeBa
O(n(log(log(n)) +log(n) — 1)) Bpemena (®@yHukImjom p_system_calculation() y Koay 3 mpeicraBiba ce
__n 6pojeBa y p cucremy, anajorao Gysknuju q_system_calculation() y komy 3 mpezacraBmpa ce _n
6pojeBa y g cucremy).

ITpema ToMe yKyTIHA BpEMEHCKa CJI0KEHOCT KOHCTPYKITHje Tabese n3rybmennx mosunmja je O(nlog(n))

Kozx 3: Apurmermuka crpareruja padyHama rabese u3ryO/beHuX MO3UInja,

void Arithmetic::arithmetic_ characterization of P Position () {
alpha continued fractions();
p_q_numerations ();
p_system calculation ();
q_system calculation ();

}

void Arithmetic::alpha continued fractions() {
_alpha.push back(1);
fill _n(back inserter( alpha), n, _a);

}

void Arithmetic::p q numerations() {
_p.push_back(1);
_p.push_back( alpha[l] * _p[0] + 1);
_q.push_back(1);
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17
18
19
20
21
22
23
24
25
2% }
27

_q.push_back( _alpha|l] % _q|0] + 0);

vector<int >::size type index = 2;
int memoize = _alpha[2] % _p[l] + _p[0];
while (memoize <= _n) {
memoize = _alpha[index] * p[index — 1] + p[index — 2];

_p.push_back(memoize);
_q.push_back(_alpha[index] * _q[index — 1] + _q[index — 2]);
index++;

28 void Arithmetic::p_ system calculation() {

29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
19 }
50

vector<int >::size type size = 0;
int index;
for (int i = 1; i <= _n; i++) {

// if the i is in the p, then initialize the vecor r with size zeros
// example: i = 1, 1 is in p[0], r = {0}

// i =8, 8 is in p[1], r = {0, 0}

if (binary search(_p.begin(), p.end(), 1)) {
size++;
index = i;

}

vector<int> r(size, 0);
const int quotient = i / index;
const int remainder = i % index;
r[0] = quotient;
if (remainder != 0) {
copy_backward(_p_ system|[remainder].begin(), _p_ system[remainder].end(),
r.end ());

_p_system[i] = r;

51 void Arithmetic::q_ system calculation() {

52
53
54
59
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72}

vector<int >::size_ type size = 0;
int index;
for (int i = 1; i <= _n; i++) {

// if the i is in the ¢, then initialize the wvecor r with size zeros
// example: i = 1, 1 is in q[0], r = {0}

// i =8, 8 is in q[1], r = {0, 0}

if (binary search(_q.begin(), q.end(), i)) {
size-++;
index = i;

}

vector<int> r(size, 0);
const int quotient = i / index;
const int remainder = i % index;
r[0] = quotient;
if (remainder != 0) {
copy_backward( _q_ system|[remainder].begin (), _q_system[remainder].end(),

r.end ());
}

_q_system[i] = r;
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I'paduyku npukas 3aBUCHOCTU BPEMEHA y MUJIMCEKYH/JAMa O 1 AT je Ha CJuiy 7, 3a a = 2.

padwrK apuTMeTHUYKe cTpaTernje 3a KOHCTpYKUKjy Tabene nar3bseHnx nosnuuja

600000

500000 -

400000 4 max pair (59 316 416, |43 202 496)

200000

Bpeme n3Bpliasarbalms)
w
&
a
IS]
o
o
!

100000 ~

na=2 le?

Cuouka 7: Tpaduk apurMerndke crpareruje 3a KOHCTPYKIHjy Tabesie u3ryO/beHnux [MO3Uluja

5.4 CymupaH npuka3 BpeMeHa HU3BPIIaBamba CBUX CTPATErmnja

W3 nperxomue ananause, nako je dpopmupame tabesae n3ryb/beHUX MO3UIMjA AJIreDapCKOM W PEKYP-
3UBHOM CTPATErHjOM JIMHEAPHO, KAKO ajrefapcka CTPaTernja KOPUCTH EKCIUIUIUTHY PEKYP3H]y, MOKe
ce 3aKJpydnTH 13 je (popmuparse Tabese n3ryb/beHUX TO3UIKja OBOM CTPATETHjOM HEIITO OpXKE, IMTO Ce
MOXKe BUeTH U Ha oOjemubeHuM rpadunnva 8 u 9.

CyMuUpaH NpuKas M3BpllaBaka CBUX cTpaTervja 3a KOHCTpyKUMjy Tabene narabrbeHmx nosunumja
600000

—— peKkyp3WeHa
—— anrebapcka
500000 1 aputmeTuuka

400000 A

200000

Bpeme n3Bpwasatba(ms)

w
&
S

S

o

o

!

na=2 le7

Cnuka 8: Cymupan NpuKa3 U3BPIIABAbA CBUX CTPATErHja 38 KOHCTPYKIM]Y Tabese u3ryb/beHuX MO3UIHja

28



0~ O Tk Wi -

CyMUpaH NpuKas n3BpluaBaka peKyp3meHe 1 anrebapcke cTpaTerunje 3a KOHCTpYKUWjy Tabene narsbmeHnx nosuunj

10000 1 —— pekyp3wBHa
—— anrebapcka
% 8000 A
E
m
£
B 6000
o
E|
(=3
5
= 4000 4
5
=
L
[=%
@ 2000 A

na=2 1le7

Cnuka 9: CymupaH npuKa3 W3BpIIaBamba PEKYP3UBHE U airedapcke cTpaTerrje 3a KOHCTPYKIUjy Tabee
n3ry0/beHAX MO3UITHjA,

5.5 Ilpeno3naBame MpUPO/e TPEHYTHE IMO3UIILjE

Kana nmamo uspadynare u3rybibene mo3uiyje, MOKeMO 13 aHAJIM3UPAMO IPUPO/LYy TPEHYTHE [O3UIIK]je
u ga ompeaumo caenehy nosuiujy urpe.

VY komy 4 je 3a peKyp3uBHY u anre0apcKy CTpaTerujy MpuKa3aHa MpoBepa n1a Jin je Tekyha mo3uimja
n3rybspena, u ako Huje dpyuknuja reach_P_position(vector<int>& piles), KOja Ka0 apryMeHT IPUMAa,
TpeHyTHH OPOj KE€TOHA HA CTOJIY, padyHa cieaehu map KeToHa TaKo Ja Ce JOCTUTHE U3ryD/beHa MO3uIHja.
3a padyHare TakBe MO3HIKje KOpHUCTe ce caydaj 1 u caydaj 2 u3 Jokaza Teopeme 2.
3a apuTMETHUKY CTPATerujy, y Koay 5 ce Hajipe upadyHaBa ca KOJUKO HYJIA Ce 3aBPIIABA PElpe3eHTa-
muja Ry(zr). (Pysknuja number_of_zeros_from_end (_R_{p})). Yxomuxo ce R,(z) 3aBpmasa Hemap-
HuM Opojem Hyna, ¢dbyHknuja odd_number_of _zeros(vector<int>& piles, vector<int>& R) pauyna
JOCTHKHY H3ry0Osbeny mo3unujy, mpema 1. Y nporusaoM, R, () ce 3aBpmiaBa mapHuM OpojeM HyiIa, Ia ce
no3uBa (dyHKIMja even_number_of_zeros(vector<int>& piles, vector<int>& R) kojom ce pauyna
JOCTHKHA, M3TyO/beHa, MO3UIKja, IpeMa 2.

Koz 4: Toctuzame u3ryO/beHe MO3UIAje PEKYP3UBHOM U anre0apCKOM CTPATErnjoM

void Recursive and_ Algebraic::reach P position(vector<int> &piles) {
// two case:
// I : if piles(0) is B n, save n, then z — piles(0) and y — A_n,
// II : if piles(0) is A_n, save n, if y > B n then y =B n

// if y<Bmn, d=y—-z, m= floor(d/a) then z

// =Am y=Bm m<n
if (find( _B.begin(), B.end(), piles[0]) != end( _B)) {
auto it = find(_B.begin(), B.end(), piles[0]);
vector<int >::size type index =
static _cast<vector<int >::size_type>(distance (_B.begin (), it));
piles[1] = piles[0];
piles [0] = _Afindex];
} else if (find(_A.begin(), A.end(), piles[0]) != end(_A)) {
auto it = find (_A.begin(), _A.end(), piles[0]);
vector<int >::size type index =
static _cast <vector<int >::size_type>(distance (_A.begin (), it));
if (piles[1] > _Blindex]) {

piles [1] = _Blindex];
} else if (piles[1] < _Bfindex]) {
int d = abs(piles[1] — piles[0]);
vector<int >::size type m = static_ cast<vector<int >::size type>(d / _a);
piles[0] = A[m];
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piles [1] = B[m];
} else {
Game Helper:: computer _move(piles, _a);
}
}
}
Konm 5: Mocruzame n3rybibene MO3UIKje€ APUTMETHIKOM CTPATErHjOM
void Arithmetic::arithmetic_strategy (vector<int> &piles) {
vector<int> Rp = p_ system.find (piles[0])—>second;
int number of zeros p = number of zeros from end( Rp);
if (number of zeros p % 2 != 0) {
odd number of zeros(piles, Rp);
} else {
even number of zeros(piles, Rp);

}
}

int Arithmetic::number of zeros from end(vector<int> &R) {
vector<int >::reverse iterator index =
find _if (R.rbegin(), R.rend (), [](int i) { return (i != 0); });

int result = static_cast<int >(distance(R.rbegin (), index));

return result ;

}

void Arithmetic::odd number of zeros(vector<int> &piles, vector<int> &R) {
piles[1] = piles[0];
R.pop_ back ();
int Ip = p_ interpretation(R);
piles[0] = _Ip;

void Arithmetic::even_number_of zeros(vector<int> &piles , vector<int> &R) {
R.push_back (0);
int Ip = p_ interpretation(R);
if (piles[1] > _Ip) {
piles[1] = _Ip;
} else if (piles[1] < _Ip) {
int d = abs(piles[1] — piles[0]);
int m=4d / _a;
vector<int> Rq = _q_system.find (m)—>second;
int number of zeros q = number of zeros from end( Rq);
_Ip = p_interpretation(_Rq);
if (number_of_ zeros_q % 2 != 0) {

piles[0] = _Ip — 1;
piles[1] = Ip — 1 +m % _a;

} else {
piles[0] = _Ip;
piles[1] = Ip + m x _a;

}

} else {
Game_Helper :: computer _move(piles, a);
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6 3akspydak

Huwm je komOwHATOpHA Mrpa 3a ABa Wrpada, Koja je 300T CBOje MpUpOJE W CTPATEITKuX MoryhHoCTH
KOje Mpy»Ka IMPUBYKJIA PA3HA NCTPAKMBAhA HA PA3JINYINTE TeMe. Y OBOj UTPH HEeMa CIYYajHHX MOTe3a,
Kao IITO je Oararme KOIKUIA WM JIeJbeibe KapaTa, Urpa HUM IPHUIIa/a MOPOJANIN KOMOMHATOPHUX Urapa
KOje Cy TOTIIYHO O/IJ[yYWBE U YhjU j€ TJIABHU MATEMATUYKU IUJb UCTPAKUBAIHE U PAUYHAE CJIOKEHOCTH
cTpareruja 3a mobdesmy.

VY 0BOj Te3nm Kpo3 mpuMepe, MOTKPeNJbeHe MATEMATHIKIM JTOKA3MMa TPUKA3aHa Cy TPW HAUWHA W3-
padyHaBama n3ryb/beHux mosunuja y BurxodoBoj urpu, BapujanTu urpe HuM. Tume ce Ha TPU €KBU-
BaJIEHTHA, aJI¥ JIOCTA pA3JIMYUTa HAYMHA OmNHCyje crpareruja y oBoj urpu. OJ TpU MMIJIEMEHTHDAHe
cTpareruje, anrebapcka ce HajOp:ke M3BPINABa, HAKO je W PEKypP3WBHA CTPATErwja JuHeaApHe BPEMEHCKe
CJIOKEHOCTH, OHA je HeIITo cnopuja 300r padyHarma Oneparopa mex. ApuTMeTHIKa CTPATEruja UMa JIpy-
ravyuju npucTyi ox ajnrebapcke u PeKyp3uBHE, KOPHUCTE Ce P U ¢ CUCTEMU, aJIU YIIPKOC TOME OHA je U J1ajbe
€KBUBAJIEHTHA, aJITe0APCKO]j ¥ PEKYP3UBHOj CcTpareruju. KoHAYHO, MPUKA3aHA je CTATUCTUKA N3BPIABAHA,
¥ UMILJIEMEHTUPAHA Cy CBA TPW HAYWHA 3a padyHarme Tabese m3ryd/beHnX MO3uInja, 3axBabyjyhin kojuma
he pauynap mobeanTn, YKOJUKO H-ErOB MPOTUBHUK HE 3HA KAKO ONTHUMAJHO wrpatu BurxodoBy urpy.
SaHUMIBHUBO je Ja je y ciaydajy kiacudae Burxodose urpe nobeHUYIKA CTpATEruja y JUPEKTHO] BE3U Ca
3JIATHUM IIPECEKOM, YMMe CMO BH/IEJIA U jeJHy HPUMEHY OBOI' Opoja y urpu.

V oBoMm pany ommcaHa je crpareruja Burxodose urpe y ciydajy HOpMAJIHOT HUMA. Y JaJbEM DALy
6m10 OM 3aHUMJBUBO MCTPAXKWUTHU ONMTUMAJIHY CTPATErujy Mu3epHe BapujanTe Burxodose urpe.
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